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CONFINEMENT FOR ALL COUPLINGS IN A Z2 LATTICE
GAUGE THEORY
P. ORLAND
Abstract. For a particular lattice gauge theory with Z2 gauge invariance there
is confinement for all couplings. The gauge fields, on lattice links, lie in the closed
interval [−1, 1]. It is proved that the expectation value of a gauge-invariant loop
operator decays as the exponential of minus the area.
1. Introduction
A proof of quark confinement for the SU(3) non-Abelian gauge theory in four
spacetime dimensions has consistently eluded all who have attempted it. The lattice
approach is the clearest mathematically, but the depth of understanding of lattice
expectation values is too shallow to be the basis of a genuine proof. In this paper,
we attempt to shine some light on this difficult subject by presenting a proof of
confinement for a well-defined lattice gauge theory. The model we investigate is
peculiar in some respects:
• The gauge group is Z2 (thus there are two colors), instead of a non-Abelian
Lie group.
• The link variables are not representations of group elements.
• Reflection positivity is not yet proved (and may actually be false).
• Confinement holds for any dimension d, not just for d ≤ 4.
Nonetheless, the proof is so simple that we feel presenting it to be instructive.
The d-dimensional hypercubic lattice Λ consists of sites x = (x0, . . . , xd−1), which
are d-tuples of integers. Our discussion works equally well for a lattice with periodic
or open boundary conditions. We denote spacetime directions by the indices µ, ν,
etc. taking the values 0, . . . , d − 1. The domain of coordinates is xµ = 1, 2, . . . , Lµ,
µ = 0, . . . , d−1, with periodic boundary conditions assumed. We define unit vectors
0ˆ = (1, 0, 0 . . . , 0), 1ˆ = (0, 1, 0 . . . , 0), . . . , d̂− 1 = (0, 0, 0 . . . , 0, 1). We generally use
the letter l to denote such a link. A plaquette on this lattice is an elementary square
of side unity. We write x ∈ Λ, l ∈ Λ, to indicate that the site x, the link l and the
plaquette P , respectively, belong to the lattice.
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We assign the lattice “spin” φ(l) ∈ [−1, 1] to the link l. This lattice link field can
be used to write a Z2-invariant gauge theory, with partition function
Z =
[∏
l∈Λ
∫ 1
−1
dφ(l)
]
e−βS, S = −
∑
P∈Λ
φ(P ) + ω
∑
l∈Λ
φ(l)2 ,(1)
where β and ω are nonnegative constants and
φ(P ) =
∏
l∈P
φ(l).(2)
The partition function (1) is invariant under the local Z2 gauge symmetry φ(l)→
σ(x)φ(l)σ(x + µˆ), where l joins x to x + µˆ and where the gauge transformation is
σ(x) = ±1. What is also invariant is the Wilson loop, consisting of a closed contour
C of links l ∈ C, by
A(C) =
∏
l∈C
φ(l) .(3)
The expectation value of any function F (φ) of gauge fields φ(l) links l is
〈F 〉 = Z−1
[∏
l∈Λ
∫ 1
−1
dφ(l)e−ωφ(l)
2
]
F (φ)e−βS.(4)
The expectation value of A(C) is the order parameter 〈A(C)〉. The lattice gauge
theory is in a confined phase, if the order parameter falls off exponentially with the
smallest possible area A of a surface whose boundary is C, that is 〈A(C)〉 ∼ e−σA,
where σ is the string tension. For ω = d− 1, the lower bound on the string tension
vanishes in the limit of zero gauge coupling. We do not know whether the true string
tension also vanishes in that limit.
For the conventional Z2 lattice gauge theory, with gauge fields φ(l) = ±1, the
quantity φ(l)2 is trivially unity. In our model, however, this is a gauge-invariant
quantity in the interval [0, 1].
In the light of the remark of the previous paragraph, we point out that another
loop order parameter of interest can be defined for this model. The sign of each
link variable τ(l) = sgnφ(l) = ±1 transforms the same way as φ(l) under a gauge
transformation. In other words, τ(l) → σ(x)τ(l)σ(x + µˆ), where again l joins x to
x + µˆ. The variable τ(l) is similar to an Ising gauge field. The quantity depending
on the loop C,
A′(C) =
∏
l∈C
τ(l) ∈ Z2 ,(5)
is gauge invariant.
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The partition function (1) and the order parameter resemble expressions dis-
cussed by Weingarten [1]. Weingarten described a lattice path-integral formulation
of Nambu-Goto strings (he primarily discussed the case of a complex lattice field, but
also mentioned real fields. The complex and real cases correspond to oriented and
unoriented strings, respectively). Replacing the integration in our model
∫ 1
−1
dφ(l)
by
∫∞
−∞
dφ(l) yields the real version of Weingarten’s partition function and order
parameter. The model with unbounded measure does not actually exist; the Hamil-
tonian/action is quartic, producing an instability rendering the partition function
and expectation values nonexistent (for either the real or complex cases) [1]. In our
case, the finite domain of integration makes the model (1) well-defined.
The result of this paper is
Theorem. The order parameter for a closed rectangular contour C is bounded above
by
〈A(C)〉 ≤ Be−σ˜A ,(6)
where B is a constant, A is the area of the rectangle enclosed by the contour C and
σ˜ = 2 sinh−1
1√
8
[√
4ω
piβ
e−ωβ−1 + 2(ω − d+ 1)
]
,(7)
provided the right-hand side is positive.
This theorem indicates confinement (of quarks of two colors) with string tension
σ ≥ σ˜ for any choice of inverse coupling β. Notice that the requirement of positivity
in (7) holds if the damping coefficient ω ≥ d−1. Confinement holds independently of
the dimension d; this is not what we expect of SU(N) lattice gauge theories, which are
believed to confine only for d ≤ 4. Nonetheless, we believe the result is interesting,
because the dependence of the lower bound σ on β resembles asymptotically-free
behavior. We prove the theorem in Section 3.
We are convinced, but have not rigorously proved, that the expectation value of
the loop expression in (5) also decays exponentially with its area:
〈A′(C)〉 ≤ B′e−σ˜A .(8)
We explain why we believe this to be true, after proving the theorem in Section 3.
As of this writing, we do not know whether the continuum limit exists as β →∞
or, in particular, whether σ or the mass gap M vanishes or how the ratio M2/σ
behaves in this limit.
Reflection positivity, through hypersurfaces bisecting links, may not hold for this
model. Unlike conventional lattice gauge theories for which the link variables are
group elements, e.g., in ZN , U(1) or SU(N), the variable φ(l) is not in Z2. Thus the
action of the gauge group is not free (in the sense of fiber bundles), meaning that
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the variables φ(l) cannot be fixed, except possibly up to a sign. We say more about
this in the last section of this paper.
In the next section, we prove a lemma concerning the presence of a mass gap in
a spin model. This property is used in Section 3 to prove the theorem, where we
give our arguments for (8). In the last section, we discuss how our results may be
extended and, in particular, the issue of reflection positivity.
2. Surfaces between two walls
In this section, we establish a preliminary lemma, which we will use to prove the
theorem.
The proofs of the lemma and the theorem rely on standard Griffiths-Kelley-
Sherman (GKS) inequalities [2]. Consider an arbitrary ferromagnetic Hamiltonian
on a lattice Λ, with variables φ(q) on elementary locations q (which can be sites,
links, plaquettes, etc.)
H(φ) = −
∑
A⊂Λ
JAφ
A, JA ≥ 0, φA =
∏
q∈A
φ(q)
with expectation value of a quantity F (φ) and partition function, respectively,
〈F 〉 = Z−1
∫ [∏
q∈Λ
dm(φ)
]
F (φ)e−H(φ), Z =
∫ [∏
q∈Λ
dm(φ)
]
e−H(φ),
with positive measure dm(φ) over R, satidfying dm(−φ) = dm(φ). Then 〈φA〉 ≥ 0,
for A ⊂ Λ (GKS I) and 〈φAφB〉 ≥ 〈φA〉〈φB〉, for A,B ⊂ Λ (GKS II).
It is useful to generalize the measure over [−1, 1], to a measure over the entire real
line, which depends on a positive integer p [3]:
dmp(φ) = dφ e
−βωφ(l)2−φ2p.(9)
We recover our original measure in the limit∫ 1
−1
dφ(l) e−βωφ(l)
2
= lim
p→∞
∫
R
dmp[φ(l)].
It has long been known that there is a mass gap in a spin model describing the
statistical mechanics of a (d-1)-dimensional membrane between two (d-1) dimensional
parallel hard walls. McBryan and Spencer proved that a version of such a model has
exponentially-decaying correlation functions for any coupling [3]. Their results were
improved upon by Bricmont, El Mellouki and Fro¨hlich [4].
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The two-wall model on a square k-dimensional hypercubic lattice Λ, has the par-
tition function and correlation function, respectively,
Z =
[∏
y
∫ 1
−1
dφ(y)e−βωφ(y)
2
]
eβ
∑
y,µ φ(y)φ(y+µˆ),(10)
and
〈φ(0)φ(x)〉 = Z−1
[∏
y
∫ 1
−1
dφ(y)e−βωφ(y)
2
]
φ(0)φ(x)eβ
∑
y,µ φ(y)φ(y+µˆ),(11)
where x refers to the sites of the lattice and where µ = 1, . . . , k.
Lemma. If
s˜ =
√
4ω
piβ
e−ωβ−1 + 2(ω − k) > 0,(12)
then the correlation function (11) decays exponentially,
〈φ(0)φ(x)〉 ≤ be−m˜|x|,
where m˜ (not to be confused with the measure (9)) is
m˜ = 2 sinh−1
√
s˜ 2
8
,
and b is a constant.
We briefly explain how the expressions (10) and (11) can be understood in terms
of a membrane between two hard walls separated by 2D. The partition function for
the latter is
Z =
[∏
y
∫ D
−D
dφ(y)
]
e−
1
2
∑
y,µ[φ(y+µˆ)−φ(y)]
2− r
2
∑
y φ(y)
2
.
Rescaling φ(x) by a factor of 1/D yields (10), with β = D2, ω = k + r/2. In the
earlier studies [3], [4], r = 0.
Later we will set k = d− 1, where d is the dimension of the gauge theory lattice.
We present the proof, which closely resembles McBryan and Spencer’s, only because
we are imposing (12), which is a weaker condition than ω = k (assumed in References
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Proof. We first replace the measure by dmp(φ) in (11) and (10), and extend the range
of integration over the entire real line. The Dyson-Schwinger equation[∏
y
∫∞
−∞
dφ(y)
]
∂
∂φ(x)
(
φ(0)
× exp
{
−
∑
y
[βωφ(y)2 + φ(y)2p] + β
∑
y,µ
φ(y)φ(y + µˆ)
})
= 0,
follows from elementary calculus. We write this as
0 < β(−∆+ s)〈φ(0)φ(x)〉
= δ0,x − 2p〈φ(0)φ(x)2p−1〉+ [(s− 2ω + 2k)β] 〈φ(0)φ(x)〉],(13)
for arbitrary positive s, where ∆ is the lattice Laplacian, whose action on a function
f(x) is
∆f(x) =
∑
±µ
[f(x± µ)− f(x)].
By GKS II,
2p〈φ(0)φ(x)2p−1〉 ≥ 〈φ(0)φ(x)〉 2p〈φ(x)2p−2〉,(14)
and GKS II again,
2p〈φ(x)p−2〉 ≥ 2p
{∫ ∞
−∞
dφ(x) exp[−ωβφ(x)2 − φ(x)p]
}−1
×
∫ ∞
−∞
dφ(x) exp[−ωβφ(x)2 − φ(x)p] φ(x)2p−2
≥ 2p
∫ 1
−1
dφ e−ωβφ
2
e−φ
2p
φ2p−2∫∞
−∞
dφ e−ωβφ2
≥ 2p
∫ 1
−1
dφ e−ωβ−1φ2p−2√
pi
ωβ
=
2p
2p− 1 2
√
ωβ
pi
e−ωβ−1
−−−−−−→
p→∞
√
4ωβ
pi
e−ωβ−1.(15)
Substituting (14) and (15) into (13),
0 < β(−∆+ s)〈φ(0)φ(x)〉
≤ δ0,x + β
[
s− 2(ω − k)−
√
4ω
piβ
e−ωβ−1
]
〈φ(0)φ(x)〉 .
Thus
0 < β(−∆+ s)〈φ(0)φ(x)〉 ≤ δ0,x ,
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for any choice of s ≤ s˜. Since 〈φ(0)φ(x)〉 ≥ 0, by GKS I and since −∆+ s is positive
and nonsingular, we have
〈φ(0)φ(x)〉 ≤ 1
β(−∆+ s˜) δ0,x ,
which completes the proof. 
If we set ω = k [3], [4] and define the coupling g = β−1, we have s˜ =
√
4kg
pi
e−k/g−1,
which is similar to the scaling of dimensionful quantities in asymptotically-free field
theories. It was proved in Reference [4] that the dependence of the gap on β, for
ω = k is indeed of this form, for k ≥ 3. For k = 1, 2, the behavior is different. We
will not comment on this further, because k = 3 corresponds to the four-dimensional
gauge theory, which we feel is the most interesting case.
3. Proof of Confinement
The essential idea used in the proof below is to view the gauge theory in d dimen-
sions as a set of coupled (d− 1)-dimensional spin models [5]. The same observation
was independently made in the Hamiltonian framework [6], where it was used to com-
pute string tensions and mass gaps for some weakly coupled SU(N) gauge theories
in 2+1 dimensions.
Proof of the theorem. We modify (1) by changing the coefficient of
∑
P φ(P ) to β˜ at
plaquettes in planes parallel to xj and xk, j, k = 1, . . . , d − 1. The coefficients of
the other plaquettes, in the planes parallel to x0 and xj , j = 1, . . . , d − 1 are not
modified, nor is the quadratic term on links. The exponent in the partition function
is changed by
βS → −β˜
∑
P ‖ (xj ,xk)
[φ(P )− 1]− β
∑
P ‖ (x0,xj)
φ(P ) + βω
∑
l∈Λ
φ(l)2,
where we have subtracted an irrelevant constant. If we take β˜ → ∞, then φ(P ) on
every plaquette P parallel to (j, k) planes is forced to be unity, and every space-like
link variable is forced to be φ(l) = s(x)s(x+ jˆ), s(x) = ±1, where l joins x to x+ jˆ,
j 6= 0. Note that the value of φ(l) on a link l joining x to x + 0ˆ are not similarly
constrained.
We write φ(l) = φ0(x
0, xs), where xs = (x
1, . . . , xd−1), and l joins x to (x0+1, xs).
We redefine φ0(x
0, xs)→ s(x0, xs)φ0(x0, xs)s(x0+1, xs). Then the partition function
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factorizes into
Z =
∏
x0
Zx0 , Zx0 =
∫ [∏
xs
∫ 1
−1
dφ0(x
0, xs)e
−βωφ0(x0,xs)2
]
e−βSx0 ,
Sx0 =−
∑
xs
d−1∑
j=1
βφ0(x
0, xs)φ0(x
0, xs + jˆ) .
Each factor Zx0 is a partition function of the model in the lemma.
The expectation value of a square Wilson loop, whose corners are at
• x0 = 0, xs = 0,
• x0 = 0, xs = N11ˆ,
• x0 = N0, xs = 0,
• x0 = N0, xs = N11ˆ,
is 〈 ∏
l∈N0×N1
φ(l)
〉
= 〈φ(0)φ(N11ˆ)〉N0 ,
where each of the expectation values on the right-hand side is with respect to a
hard-wall model, with dimension k = d− 1. Thus, by the lemma,〈 ∏
l∈N0×N1
φ(l)
〉
≤ bN0e−m˜N0N1,(16)
which is an area decay law.
By GKS II, the loop on the left-hand side of (16) falls off at least as fast as the
right-hand side, for finite β˜. In particular, this is true if β˜ = β, establishing (6). 
We conclude this section with our reasoning behind a claim we made in Section 1,
that a loop order parameter with purely Ising type link variables decays exponentially
with its area, i.e., (8). Consider, for the model of two hard walls (10), the correlation
function of sign variables τ(x) = sgnφ(x), that is 〈τ(0)τ(x)〉. We expect that this
correlation function decays exponentially with |x|, in the same way as 〈φ(0)φ(x)〉.
Were this not the case, massless spin waves would exist in the parallel-hard-wall
model of Section 2. Then the justification of the area law of the Ising order parameter
works exactly the same way as the proof of the theorem. A weaker result, which is
easier to prove, is that the order parameter of the standard Ising gauge theory is an
upper bound on both 〈A(C)〉 and on 〈A′(C)〉 in our model, by applying GKS II, as
done for SU(N) gauge theories in Reference [7].
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4. Discussion
To summarize, we have introduced a lattice gauge model with Z2 gauge invariance,
and shown that it confines for all choices of inverse coupling β. The lattice gauge
field φ(l) on a link l does not lie within the gauge group, but the interval [−1, 1].
The Wilson loop was defined as the product of lattice gauge fields around a contour.
We argued, however, that an alternative loop with a product of the sign of φ (that
is, an Ising spin assigned to the link) also decays as the exponential of its area.
Our proof of both the lemma and main theorem depends heavily on the use of GKS
inequalities. Such inequalities are not proved for general ferromagnetic systems with
non-Abelian symmetry. Some models for which they can be proved [8] are far too
specific to have broader application. For this reason another proof of Theorem 1,
which does not use GKS inequalities, would be handy.
Our model is not obviously reflection positive (and indeed may not be) in the
standard sense. It does satisfy a more restricted type of reflection positivity, where
the reflections are through hypersurfaces containing spins φ(l) [9]. The latter may
be useful in investigating the model, but does not guarantee that the transfer matrix
generates a contraction semigroup, hence a particle spectrum [10].
We cannot investigate the question of reflection positivity by gauge fixing links
(for example, in the temporal direction) used in the standard proof of reflection
positivity for lattice gauge theories [10]. In principle, however, no gauge fixing is
needed. Consider the hyperplane on the lattice Λ halfway between between two
parallel spacelike hypersurfaces of links. In other words, consider the locations with
coordinates: (x0 + 1/2, x1, x2, . . . , xd−1) as the points of the reflection plane (if peri-
odic boundary conditions are taken, with even period L0 in the temporal direction,
we must also include coordinates (x0L0/2+ 1/2, x1, x2, . . . , xd−1)). Consider the link
l joining x to x+ 0ˆ, and split it into two, one half link l′ joining x to x+ 0ˆ/2 and a
second half link l′′ joining x + 0ˆ/2 to x + 0ˆ. We place variables ψ(l′) and ψ(l′′) on
these half links. We would have reflection positivity if there exists a measure dM(ψ)
on half-link variables such that∫
dM(ψ(l′))∗dM(ψ(l′′)) δ[ψ(l′)ψ(l′′)− φ(l)] =
∫
dm(φ(l)) .(17)
where dm(φ(l)) is the lattice-gauge-theory measure on links. It may be that dM(ψ)
does not exist for our model; but there may a similar model where confinement can
be proved, for which there does exist such a measure satisfying (17). If so, it would
be interesting to study the Hilbert space of such a model further.
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